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SUMMARY

It has been known for about ten years that, within the framework of the linearised water-wave problem, certain fixed
structures can support fluid oscillations of finite energy known as “trapped modes”. In this work the open question of the
existence of trapped modes for a freely-floating structure without moorings is considered. For the case of a structure able
to move in heave, the conditions necessary for the existence of such a trapped mode are discussed.

1 INTRODUCTION floating body in which the radiation and scattering prob-
It is known that, within the linearised theory of water lems are combined through the equation of motion.
waves, certain structures when held fixed can support a The question therefore arises “Are there trapped modes
trapped mode of a particular frequency [1]. Such a mode in the water-wave problem for a freely-floating structure?”
is a free oscillation of the fluid that has finite energy, does (such a mode would correspond to a coupled free oscilla-
not radiate waves to infinity, and in the absence of viscos-tion of both the structure and the surrounding fluid). The
ity will persist for all time. If, for a specified frequency of present work seeks to answer this question, although, as
fluid oscillation, the structure does nswpport a trapped  yet, it has not been possible to arrive at a definitive answer.
mode, then the solutions to the frequency-domain radia-
tion and scattering problems at that frequency are unique.2 FREQUENCY-DOMAIN PROBLEM
From the practical point of view, the existence of a trapped For simplicity attention will be restricted to vertical
mode means that it is difficult to find numerical solutions (h€ave) motions of a structure that may have a single el-
to the radiation and scattering problems for a range of fre- €ment, or be made up of a number of separate elements
quencies around the trapped-mode frequency [2]. that are constrained to move together. It will be assumed

Trapped modes are orthogonal to any incident wave [3] initially that the structure is moored and that the moorings
and consequently will not be excited in a scattering prob- have both spring and damper characteristics, although the
lem in either the time or frequency domains. However, the main interest here is in finding a trapping structure that
existence of a trapped mode implies that at the trapped-is not moored. A solution of the governing equations is
mode frequency there is a pole in a frequency-domain ra-sought that correspondg to a.gou.pled motion of the fI}Jid
diation potential [2] and the solution to the corresponding @nd structure about their equilibrium states. The motion
radiation problem does not exist at that frequency [3]. A Should be time harmonic with a particular angular fre-
consequence of this is that trapped modes can be excitedlUe€ncyw and have finite energy. .
in the time domain by the forced oscillations of a trapping _ FOr time-harmonic motion any time-dependent quantity
structure [4]. F(t) may be written

Recently, it has been established that the trapped modes
supported by a fixed structure, as described above, cannot
be excited when that structure is allowed to float freely,
with or without incident waves [5, 6]. For motion in a sin-
gle mode this follows immediately from the equation of
motion which shows that the pole in the radiation poten-
tial at the trapped-mode frequency is annulled by a corre- [pgW +k — (M +a+i(b+)/w)]v=0. (2)
sponding zero in the velocity [5]. However, it is also true
that trapped modes supported by fixed structures cannoHerep is the fluid densityy is the acceleration due to grav-
be excited by motions of the structure in more than one ity, W is the water plane ared, is the spring constant
mode [6]. Thus, although the existence of such trappedof the moorings,M is the mass of the structure (which
modes leads to difficulties in the solution of the frequency- by Archimedes principle i times the submerged vol-
domain radiation and scattering problems [2], their exis- ume V), a is the added mass coefficientjs the damp-
tence has no direct relevance to the problem of a freely-ing coefficient;y is the damping constant of the moorings,

F(t) = Re {Fe ) (1)

where F' is, in general, complex. In the absence of any
forcing, the equation of motion of the structure in the fre-
guency domain can then be written



andv is the (complex) amplitude of the structural velocity. Whenw is sufficiently large this inequality is violated and
It follows from (2) that necessary conditions for the exis- a contradiction is obtained. Thus, for a structure that satis-
tence of a non-zero (so that the structure is in motion) fies the John condition,? > pgWW /M ensures that there

are that are no trapped modes and hence there is a unique solution
pgW +k —w?(M +a) =0 3 to the freely-floating structure problem.
and 4 WAVE-FREE STRUCTURES
b+vy=0. (4) As noted in§ 2, a necessary condition for the existence

For the fluid motion to have finite energy there can be Of a trapped mode at a frequengyis that the damping
no radiation of waves to |nf|n|ty and hence, at the fre- coefficient must be zero at that frequency. In other words
quencyw, itis required that the dampmg coefficienis when the structure is forced to oscillate with frequency
zero (bothz andb are, in general, functions of frequency). there can be no waves radiated to infinity. A method for
It then follows from (4) that the mooring characteristic ~ the construction of such structures is given by Kyozuka
must also be zero. The resonance condition (3) can be satand Yoshida [9].

isfied quite easily by an appropriate choice of the spring  The idea is as follows. Let, be the potential of a sin-
constantt. Thus, provided a structure can be found such gular solution of the governing equations (excluding the
that the damping is zero at the frequengytrapped modes ~ boundary condition on the, as yet, unknown structural sur-
for a floating structure moored by springs are readily con- facel) that does not radiate waves to infinity at a specified

structed. frequencyw. If ¢g is to be the solution to the heave prob-
However, the main interest here is in structures with- 1em then itis required that

out moorings. In which case the construction of a freely- 9o
floating trapping structure requires bdik= 0 and B, — M= on r, (8)

pgW —w?(M +a) =0 ) wheren, is the component of the inward normal Foin

: the verticalz direction, or equivalently
at a particular frequenay.
99

3 JOHN’'S UNIQUENESS PROOF 5, 0 on L, 9)

Over the last fifty years of so considerable attention has

been paid to the question of the uniqueness of the solu-Where¢ = z — ¢, and the resultz/dn = n. has been
tions to the radiation and scattering problems (uniquenessused. A suitable surfade, such that the correct boundary
at a particular frequency is equivalent to the absence ofcondition onl” is satisfied, is determined by examining the
trapped modes). Quite remarkably, given that it is prob- Streamlines of the flow correspondingdo

ably the problem of greatest interest, there appears to be Kyozuka and Yoshida use a combination of a sub-
only one published result on uniqueness in the problem merged source and a vertical dipole to obtain a wave-free
for a freely-floating structure and that is in the seminal pa- Singular solution.  To illustrate the idea here a simpler
per by John [7] (although the ideas used in the proof haveWave-free potential is used and attention is restricted to
recently been applied to a structure supported by an airfWo dimensions and water of infinite depth. Choose Carte-

cushion [8]). John’s proof is for a structure able to move Sian coordinates;, z with = measured vertically upwards
in all modes of motion, but an outline is given here only from the undisturbed free surface, and polar coordinates

for the case of heave motion. r, 0 that haver measured from the origin arftdmeasured

structure without moorings. John shows that, provided that { c0s20 K cos } (10

the structure satisfies the “John condition” (that no line P =«
drawn vertically downwards from the free surface inter-

sects the structure) the time-domain velocity poterbial  \whereq« is a constant and& = w? /g, satisfies all of the

r2 r

of the trapped mode satisfies required conditions and in particular is wave free for all
2w 9% 92 frequencies.
/ dt // >0, (6) A streamline pattern corresponding 40 = z — ¢y,
ot anon ¢ where ¢ is given by (10), is shown in figure 1 for par-

whereT is the wetted surface of the structure and the co- ficular values ofv and K (the pattern is symmetric about
ordinaten is normal toT" and directed out of the fluid. ¢ = 0)- A wave-free structure is obtained from any
When interpreted in terms of frequency-domain motion in streamline that isolates the singularity from infinity and
a single mode this condition is equivalentda> 0 atthe  that has finite length in < 0. In figure 1 there is only
trapped mode frequency, and hence it follows from the res-0n€ such streamline; it is the dividing streamline that joins

onance condition (5) that if a trapped mode exists then ~ the stagnation point at = 0, z ~ —0.76 to the free sur-
face. The structural surface corresponding to this stream-

pgW — WM > 0. (7) line curves towards the origin near the free surface and



0.6

0.4 L

0.2 F

1 15 2
K

Figure 2: The damping coefficient= b/(pw) v. the fre-
guency parameteKk for a structure formed from the di-
viding streamline in figure 1.

Green’s theorem gives
0 0.2 0.4 0.6 0.8 1
X / [%au - u(%)o} ds = 0. (13)
s on on

Figure 1: Streamlines correspondinggte= = — ¢o: ¢o is The contribution to the integral fromt’ is zero, as both
given by (10) witha = 1/27 andk = 1. The dasr,led line ¢o andu satisfy the free-surface condition, and it follows
is the free surface. from the asymptotic form (12) that

/ {d)gau — u%] ds = —mp. (14)
thus violates the John condition mentioneds§ir8 (and Soo
hence John’s theorem does not apply to this structure).  From the boundary condition (8),

The streamline pattern varies withand K. Thus, a
structure obtained by this method will be wave free only / [%316 B 3%} ds
at the chosen value df. This is illustrated in figure 2 r
where the damping coefficiemtfor the structure corre-
sponding to the dividing streamline in figure 1 (together /r [%nz (
with its reflection inz = 0) is plotted as a function oK.
The damping coefficient is zero only At = 1.

z+ ;{,) nz] ds. (15)

Now, becausé = 0, the definition of the added mass gives

a
5 THE RESONANCE CONDITION /F‘%”Z ds =~ (16)
In § 4 it has been shown that it is possible for a structure to
oscillate and not to radiate waves so that the damping coef-
ficientis zero at a particular frequency. To obtain a trapped
mode it remains to establish whether or not it is possible to / zn, ds = / sde = —V (17)
satisfy simultaneously the resonance condition (5). Some r r

progress can be made through an application of Green'sthe divergence theorem may be used to show that for an

and, by an application of Stokes’ theorem over the sub-
merged volumé/ (= M/p) of the structure,

theorem as follows. arbitrary
Let S denotes the union of the wetted surface of the

structurel’, the free surfacé”, and a closing semicircle Yn,ds = — // Vi e, dV, (18)

Sso atinfinity in z < 0. Apply Green’s theorem oves to r+w 4

a wave-free potentiady and wheree, is a unit vector in the direction and the normal
coordinaten is directed intol/. In particular, withy) = 1,

u=z+1/K (11)  this result yields
which satisfies both Laplace’s equation and the linearised / n,ds = _/ n,ds = / de =W. (19)
free surface condition. It is known that r w w

Thus, the application of Green’s theorem gives

pcosf
~ , 12
%o r a oo (12) pgW — (M + a) = —7ppw? (20)
wherey is a constant, so that to leading ordgris dipole- and it is now apparent that the resonance condition (5) can-

like at infinity; it is possible that, may be zero. not be satisfied unless the dipole coefficigns zero.
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Figure 3: Streamlines correspondingie= z — ¢q; ¢q IS
given by (21) witha = 1/27 andK = 1. The dashed line
is the free surface.

6 DISCUSSION

and a streamline pattern for the correspondirig shown

in figure 3. There is still a dividing streamline emanating
from a stagnation point, but this now enters the singular-
ity without crossing the free surface and hence does not
isolate the singularity from infinity and can not be used
to define the surface of a structure. After experimentation
with various singularities, and combinations of singulari-
ties, it is difficult to see how it is possible to obtain a heav-
ing structure from anything other than a flow that has a
dipole-like singularity.

One way to obtain a wave-free structure for which the
radiation problem has a flow with a zero dipole coefficient
in the far field is by considering two heaving structures
that oscillate with opposite phase. However, consideration
of the equations of motion shows that the resonance con-
ditions are then modified from those given here for a pure
heave oscillation, and again it is difficult to see how they
can be satisfied.

Thus, at the time of writing, the author has not been able
to establish the existence of trapped modes in the problem
of a freely-floating structure. The work is ongoing.
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